The lowest order constrained variational method [Phys. Rev. Lett. 88, 210403 (2002)] has been generalized for a dilute (in the sense that the range of interatomic potential, R, is small compared with inter-particle spacing r 0 ) uniform gas of bosons near the Feshbach resonance using the multi-channel zero-range potential model. The method has been applied to Na(F = 1, m F = 1) atoms near the B 0 = 907G Feshbach resonance. It is shown that at high densities na 3 ≫ 1, there are significant differences between our results for the real part of energy per particle and the one-channel zero-range potential approximation. We point out the possibility of stabilization of the uniform condensate for the case of negative scattering length.
I. INTRODUCTION
The newly created Bose-Einstein condensates (BEC) of weakly interacting alkali-metal atoms [1] stimulated a large number of theoretical investigations (see recent reviews [2] ).
Most of these works are based on the assumption that the properties of BEC are well described by the Gross-Pitaevskii (GP) mean-field theory [3] .
Recently, it has become possible to tune atomic scattering length to essentially any value, by exploiting Feshbach resonances (FR) [4, 5] . A fundamental open problem is how to describe the physics of dilute BEC near FR (dilute in the sense that the range of interatomic potential, R, is small compared with inter-particle spacing r 0 ) in the regime of a large scattering length, a, which we take to be positive. The GP approach fails in the regime of a large gas parameter, n | a | 3 , where n is the particle density.
The dilute BEC for a large gas parameter regime in one-channel approximation has been considered previously in Ref. [6] (for the corresponding problem for a Fermi gas see Ref. [7] ).
In this paper we consider the ground state properties of the dilute homogeneous Bose gas near the FR using a multichannel zero-range potential (ZRP) model of FR.
In section II we describe the lowest order constrained variational (LOCV) method [6, 8] for the one-channel N-body problem. The calculations for model interaction potentials used by Ref. [9] are presented. The description of the multi-channel ZRP model is given in section III. Section IV develops the LOCV method for the dilute Bose gas near FR. We conclude the paper in section V with a brief summary.
II. LOWEST ORDER CONSTRAINED VARIATIONAL METHOD
In a dilute many-body problem in the large gas parameter regime correlations between particles are very important.
The LOCV method [6, 8] for the homogeneous N-body system is to assume a Jastrow many-body wave function, of the form
where at short distances, f is solution of the two-particle Schrödinger equation
while at large distances f must approach a constant.
In the LOCV method [6, 8] the boundary conditions for f (r) are
the expectation value of the energy is given by
and d is defined by the normalization
In Ref. [6] for the dilute case (R ≪ r 0 , where the inter-particle spacing r 0 = (3/(4πn))
inter-atomic interaction was replaced by the zero-range potential (ZRP) model [9] (rf )
In this case
with k cot δ = −1/a, kd cot(kd + δ) = 1, where k = mλ/h 2 .
In the small a/r 0 limit, δ = −ka, d = r 0 and the LOCV result for E/N [6] is given by
and is same as that first found by Lenz [10] .
The ground state energy per particle, E/N, in the low-density regime, na 3 ≪ 1, can be calculated using an expansion in power of
The coefficient of the (na 3 ) 3/2 term (the second term) was first calculated by Lee, Huang, and Yang [11] , while the coefficient of the last term was first obtained by Wu [12] . The constant C after the logarithm was considered in Ref. [13] .
The expansion (9) is asymptotic, and it was shown in Ref. [14] that the Lee-Huang-Yang (LHY) correction (second term in Eq. (9)) represents a significant improvement on the mean field prediction (the first term in Eq. (9)) .
In Refs. [15] [16] [17] [18] [19] the Lenz-Lee-Huang-Yang (LLHY) expansion (first two terms in expansion (9) ) has been used to study effects beyond the mean field approximation. In Ref. [18] , it was found that the correction to the GP results may be as large as 30% in the ground state properties of the condensate, when the conditions of the JILA experiment for 85 Rb are considered [5] .
In the large a/r 0 limit, δ = π/2, kd tan(kd) = −1, and the energy is given by [6] 
which is very close to the Legett's unpublished variational result
(this was quoted by Baym [20] ).
To study the validity of the ZRP model we consider an example of the square-well (SW)
potential with a/r 0 → ∞. The calculated energies per particle, E/N, are presented in Table   I . The ratio R/r 0 is typically of the order of 10 −2 . From Table I , we can see that even for a/r 0 → ∞ the ZRP model is a very good approximation (the difference for E/N between the ZPR and the SW is less than 1% if R/r 0 ≈ 10 −2 ). In this case the LOCV results for E/N have universal properties that depend on the interatomic potential only through the single low-energy parameter a, even for large gas-parameter regime.
We note that for an attractive potential the atomic BEC is metastable and energy per particle can be written as E/N − iΓ/2. Therefore the real part of energy in LOCV method would be reliable if E/N > Γ/2 [6] .
In Ref. [14] , the authors have used a diffusion Monte-Carlo method to calculate the lowestenergy state of uniform gas of bosons interacting through four different model potentials that have all the same scattering length a.
(i) The hard-sphere potential
where the diameter of the hard-sphere is equal to the scattering length.
(ii) Two soft-sphere (SS) potentials
(iii) The hard-core square-well (HCSW) potential
The parameters of the HCSW potential are R c = a/50, R 0 = a/10 and V 0 = 412.815h 2 /(ma 2 ).
The HCSW potential has a two-body bound state with energy −1.13249h 2 /(ma 2 ) [21] .
Comparison the LOCV results for potentials (12) (13) (14) with the available diffusion MonteCarlo (DMC) calculations (Table II , Fig.1 and Fig.2) shows that the LOCV energies in the case of R/r 0 ≈ 10 −2 are in very good agreement with the DMC results.
III. ZERO-RANGE POTENTIAL MODEL OF FESHBACH RESONANCE
We start from the coupling channel equation
where E is the energy shift of the closed channel Q with respect to the collision continuum.
Since potentials V P (r), V Q (r) and g(r) have a range typically of the order of interatomic potential range or less, we can replace Eq. (15) by
where
is a multichannel generalization of the Huang pseudo-potential [22] .
Equations (16) can be rewritten as free equations
with boundary conditions
which is a multi-channel ZRP model [23] .
It is easy to show that the Hamiltonian of the particle moving in the field of multi-channel ZPR is Hermitian, that is, the condition
is valid for any φ We shall use the following parameterization for the matrix M
where a bg is the background value of the scattering length. The model (21) with γ = 1 was considered in [23] .
Solutions of Eqs. (18, 19) can be written as
Since the energy shift E can be converted into an external magnetic field B by E ∝ B, the scattering length a depends on the external magnetic field by the dispersive law [24] 
and ∆ = ∆(B 0 ) characterizes the resonance width.
Two parameters of our model Eq. (21), a bg and β/γ, are completely determined from the external magnetic field dependence of the scattering length. For example, in the sodium case [25] the width ∆ of the Feshbach resonance (B 0 = 907G) is 1G, therefore α = 1.1013210 −3 1/G, β/γ = 2.3472610 −2 , and a bg = 53au.
As for parameter γ, it can be determined from the energy dependence of the scattering phase shift, δ
We note that the multi-channel ZRP model is different from the contact potential model of Ref. [26] , which uses a cutoff regularization in the momentum representation.
IV. DILUTE BOSE GAS NEAR FESHBACH RESONANCE
For a generalization of the LOCV method for a dilute uniform gas of bosons interacting through the two-channel ZRP, Eqs. (18, 19, 21) , we assume
where Ψ P ( r 1 , r 2 , ... r N ) is the Jastrow wave function, index P denotes the projection onto the Hilbert subspace of the incident (atomic) channel, and f P at short distance is solution of the Schrödinger equation
and κ = √ mλ/h. The real part of ground-state energy per particle is given by
We note that the effective scattering length, a ef f is a many-body parameter (it depends on E/N), and, for B = B 0 , a ef f does not tend to infinity.
The calculated energies per particle, E/N, of Na(F = 1, m F = 1) atoms at resonance magnetic field (B = B 0 = 907G) for r 0 = 10 2 a bg are compared with the one-channel approximation, Eq.(10), in Fig.3 . These comparisons show that for finite values of γ there are significant differences between our results and the approximation of Ref. [6] . Our results are much smaller than the Legett's variational estimate [20] .
To consider, so called, nonuniversal effects [21] , i.e. the sensitivity to the parameters of the interatomic interactions other than the scattering length, we calculate E/N as a function of γ. Table III shows a strong γ dependence of E/N near the FR.
However near the FR the atomic BEC is metastable, and the LOCV E/N would be reliable if E/N > Γ/2 [6] . We have extracted the values of Γ/2 from experimental data of Ref. [25] . Using these values of Γ/2 we have calculated the ratio (Γ/2)/(E/N) (see Table IV ).
From Table IV we can see that the LOCV results for the real part energy, E/N, is valid for the experimental conditions of Ref. [25] , since (Γ/2)/(E/N) ≈ 10 −2 .
Now suppose that a, Eq.(23), near the FR is negative (a bg for the Na(F = 1, m F = 1) atoms is positive). In one-channel case the uniform condensate for negative a is always mechanically unstable. But the two-channel consideration can lead to stable uniform solution, since the many-body parameter a ef f can be positive. Table V illustrates this stabilization effect. Although the three-body recombination processes [23, 25, [27] [28] [29] can make it difficult to observe this effect experimentally, we note that Ref. [30] considered the possibility of suppressing three-body recombinations in a trap. There is a similar case [30] of uniform 1D gas of N bosons on a ring for which inelastic decay processes, such as the three-body recombination, are suppressed in the strongly interacting and intermediate regimes.
V. SUMMARY AND CONCLUSION
In summary we have considered the LOCV method for a dilute uniform gas of bosons.
Comparison of the LOCV results for potentials Eqs. (12) (13) (14) with the available diffusion Monte-Carlo (DMC) calculations shows that the LOCV energies in the case of R/r 0 ≈ 10
are in very good agreement with the DMC results.
We have generalized the LOCV method [6, 8] for dilute uniform gas of bosons near the FR, using the multi-channel ZRP model.
As an example of application, we have considered Na(F = 1, m F = 1) atoms near the
At high density na 3 ≫ 1, there are significant differences between our results and onechannel ZRP [6] for the real part of energy per particle.
For the case of negative scattering length, we point out the possibility of stabilization of the uniform condensate. 
